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1 Introduction

The goal of this researclwasto probethe semantic
structuresneededor imperative andlogic program-
ming, takingcarefulaccounif abstractiorandcon-

trol.

In imperative programing a crucial problemarea
has always been sharing Becauseof aliasing,
andbehind-the-scenatependenciesausedy state
change specificationand reasoningtechniquedor
realistic languagesare excessvely complex. The
reasongfor this compleity run deep,and are not
merely down to idiosynchariciesin languagede-
signs. But modelsof imperative computationcan
have elegant properties,as was demonstratedn
work on possibleworld semanticand, particularly
interferencee.g.,[5, 4]).

In logic programming.a crucial problemhasal-
ways beento control the dependenciedetween
branchesof a proof encounteredn proof-search.
This canalsobe seenasa sharingproblem,andis
essentiato understandn orderto give a compre-
hensve treatmentof logic programminglanguages
with substructurafeaturesor modules. Also, an
accountof sharingon the logic programminglevel
couldgive riseto a principledapproacho manage-
mentof dependenciebetweendifferentpartsof a
specificationa seriousproblemin specificatiorfor-
malisms.

Sharingis just one of the areasof commonal-
ity betweerlogic programmingandimperative pro-
gramming. Othersare control and abstraction.We
first concevedthis projectwith the view thatthese
intuitive connectionswere suggestingdeeperse-
mantic links — betweenlogic and logic program-
ming, imperatie programmingand cateyorical se-
mantics— thanis commonlysupposedWe believed

that cohesve theoreticalresults,andnovel applica-
tions, could be obtainedby pursuingtheseconnec-
tions.

We would suggesthattheinitial, broadconcep-
tion of our projecthasbeenwell borneout by the
resultswe have obtainedaswe describebelow. Al-
thoughnot all of our resultsspanall of the areas
involved,a certaincohesvenessanbeseenfor ex-
ample,in the work on control, with its basisin cat-
egorical semanticsandthe relateduseof continua-
tionsin work on the proof theoryof classicallogic.
And it canbe seenevenmorestronglyin our work
on bunchedlogic, which might be consideredasa
meetingof the logical perspectre of Pym andthe
imperative viewpoint of O’'Hearn, with categorical
semanticasmediator;the amountof gelling of the
varied constituentsexceededary of our initial ex-
pectations.

2 Research Achievements

2.1 Bunched Logic

Ourwork in bunchedogic [OP99 Pym99 O’'H99]
representthestrongesbutcomeof thisproject. The
logic Bl of bunchedimplications was introduced
by O’'Hearnand Pym in a shortarticle in the Bul-
letin of SymbolicLogic [OP99. A systematiqre-
sentationjncludingits semanticandmodeltheory,
proof theory type theory and computationainter-
pretation,is presentedn a forthcomingmonograph
by Pym [PymO0g (which will appeareitherin the
Studiesin Logic andComputatiorseriespublished
by RSP/Wiley, or in Kluwer’'s Applied Logic series).
Bl is a logic that combinesintuitionistic logic
(with the usualconnectvesA, —, Vv, L) andaba-



sicsubstructuralogic (with implication - andcon-
junctionx). Although otherlogics (particularlylin-
earlogic) alsocombinethe two fragmentsthe way
that Bl mixesthemtogetheris novel, asillustrated
by the coretheoreticaberspectiesoniit.

¢ Algebraic and Categgorical Models A cate-
gorical model of Bl is a doubly-closedcat-
egory, which is a (bi)cartesianclosed cate-
gory togetherwith an additional symmetric
monoidalclosedstructure A collapsedversion
of thisstructuras aBl-algebraaHeyting alge-
brawith anadditionalresiduateccommutatve
monoidstructure. Thesemodelsmake the sim-
ilarity anddifferencewith linearlogic evident.
Bl usesone category (or algebra)with two
closedstructureswherelinear logic usestwo
separatecatgyoriesor algebrag(one of which
is oftenaKleisli category).

e Bunded Proof Theory BI’s proof theoryis
formulated using bunches which are nested,
tree-like contexts built usingtwo formsof com-
bination. Oneform, “;”, internalizeghe carte-
sianproduct(additive conjunction)in adoubly
closedcateyory, while the other, “,”, internal-

izes the monoidal product(substructuraton-

junction). The introductionrulesfor the two

implications mimic the two adjunctionsin a

catgyoricalmodel.
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¢ Resouce Semanticsand Topological Models
Thisis atruth semanticsyhich givesa declar
ative way of readingBI’s formulae. The basic
ideais thatthe truth of a formula ¢ is judged
“locally”, in the sensehatit talks abouta cir-
cumscribectollectionof resourcesThisis for-
mulatedin a possibleworlds style, wherethe
world m in aforcingjudgementn = ¢ is cho-
senfrom an orderedcommutatve monoid of
worlds. In examplemodelsthe resourcesor-
respondto areasof computermemory mark-
ingsin a Petrinet, or processesThe mostso-
phisticatedversionof the semanticsisestopo-
logicalideas(Grothendieckopologies)o treat
the intuitionistic connectves, with continuity
conditionsrelatingto the monoid structureon
worlds.

e The SharingInterpretation This is a way of
readingourvarioussemanticsin termsof shar
ing betweenpartsof a formula or partsof a

proof/\-term. For instance whenviewed asa
function type, A— B is the type of functions
thatdon’t shareesourcesvith theirarguments.

Althoughthe basicsystemis intuitionistic, we have
also investigatedclassicalvariations; for example,
analgebraicmodelof BooleanBl is aBl-algebran
which theHeyting components in factBoolean.
Thesevariedperspectieson Bl reinforceonean-
other andlendsupportto our contentiorthatit is an
elegantandnaturallyoccurringlogic. Ourtechnical
investigationdeendrivenby them.

e BasicProof Theory The systemhasa natural
deductionand sequentcalculusformulations,
with normalizationandcut eliminationproper
ties[PymOOR.

¢ Type-theoetic Interpretation A A-calculusof
proof terms, syntacticresultssuch as subject
reduction and normalization, and soundness
and completenessesultsfor interpretationin
doubly-closectategories.[O'H99, PymOO0R.

e SyntacticContmol. The type systemis used
to memge syntacticcontrol of interferenceand
IdealizedAlgol [O’H99, O’'HOQ]. Thisis the
bestexample of the sharinginterpretationof
proofsi-terms,andwasin factoneof theearly
inspirationsfor Bl. The resulting systemre-
solves problemswith recursionand jumpsin
theoriginal syntacticcontrol[9], whichhadbe-
fuddledexpertsfor years.

e Resouce SemanticsSoundnesandcomplete-
nessfor a versionof the semanticshasedon
Grothendiecktopologies. Demonstrationof
a rangeof contretemodelsthat illustrate the
informal reading, including modelsbasedon
CCS,Petrinets,andpointers]OPY, PymOOR.

We have alsoexploredBl’s placein the spectrum
of substructuralogics[8], contrituting, we believe
to the generalunderstandingf thesesystems. Bl
is distinct both from the R-like relevant logics, in
its semanticandtreatmenbf implication,andfrom
linear logic-like systemsijn its treatmentof there-
lationshipbetweenintuitionistic andlinearimplica-
tionsanddistributivity.

TheseresultsestablishpropositionalBl asa the-
oretically cohesve system,with a significantearly
application.In addition,in work at QMW supported
by anothelEPSRCgrant(“V erifiedBytecode”),and
in work further afield, the pointermodel of Bl has
beenutilized as part of an approachto longstand-
ing problemsin Hoarelogic for pointer programs



[3, 10, 11]. Researchin this area,and on appli-
cationssuggestedy the otherconcretemodels,is
progressingapidly.

To sumup our work on bunchedlogic, follow-
ing its initial discovery basedon proof-theoretic
and cateyory-theoretiddeas,the resourcanterpre-
tationswe have beendevelopinghave begunto take
on moresignificancethe interpretationin termsof
sharing,in particulay fits bothimperative andlogic
programmingextremelywell. This directionshavs
goodpromiseasfar asfurtherapplicationggo, both
thosebuilding one existing ones(on pointersand
logic programming)andin new directions(suchas
concurreng anddatabases).

2.2 Predication and Type Dependency

Many substructurallogics have been proposed
wherestructurakulesarelimited, but wherealsothe
treatmentof variablesin term languagesadmitsall
structuralrules. Whensubstructuralogics areused
astype systemghey give rise to substructuraterm
languagesandit would seemrmaturalto wantto have
anaccountof predicationthattakessuchtermsinto
account. But, althoughit seemsnatural,thereare
mary conceptualndtechnicaldifficultiesthatmust
be overcometo obtaina workableapproachthis is
why multiplicativequantificationor predicationhas
remaineda challengingopenproblem.

The predicateverion of Bl investigatechy Pym
[Pym99 PymO0O0R hastwo universalandexistential
quantifiers,just as propositionalBl hastwo con-
junctionsandimplications.Thereareadditive quan-
tifiers, whosesemanticss givenjustasin intuition-
istic logic. Therearealsomultiplicative quantifiers,

Vaew anNd Jhew. [N termsof resourcesemantics,

Vnew- ¢ Saysthat ¢ is true for all individualsthat
accesseparateesourcesrom the currentresource.
Good example modelsare obtainedfrom impera-
tive programmingwhereV,,ewx quantifiesoverval-
uesthatrefer to new or freshstorage. Indeed,the
nomenclaturefor the quantifierswas partially in-
spiredto their relationshipto new storagevariables
in IdealizedAlgol.

The syntax and proof theory of multiplicative
quantificatiorusedreesor bunchesof variables just
as propositionalBl usesbuncheson the proposi-
tional level. This givesa link into anothey earlier,
piece of work, on the substructuralogical frame-
work RLF. RLF usesan orderedform of bunched
context to formulateits rules.

In the courseof the projectwe obtainedthe fol-
lowing results.

e The AA-calculus,the type theory underlying
RLF, has beenformulated. This resohes a
difficult openproblemconcerningthe combi-
nation of linearity andtype dependeng Ba-
sic technicalresultssuchasnormalizationand
confluencéhave beenestablishedlP98, 2].

e We shaved how the multiplicative function
type could be usedto represensubstructural
objectlogics, with a “uniform encoding”that
establishesight connectiondetweerproofsin
the objectlogic andthe metalogic. This wasa
problemareain theoriginal LF.

e Logical frameworks for operationalsemantics
[2, IP9]: an adequaterepresentatiorof lan-
guagesuchasML with referencaypesinclud-
ing, for thefirst time in logical frameworks, a
treatmentvith closecontrolovergarbagesells.

e A classof concretepossibleworlds modelsof
thedependenlinearfunctiontype[IP99, IP].

e A catgorical semantics,model theory and
proof theoryof multiplicative quantificationin
predicateBl [Pym99 PymOOR.

e Proof-search (logic programming) [OP99
Pym99: the prooftheoryof predicateBl pro-
videsabasisfor alogic programmindanguage
within which sharingand non-sharingof data
by proceduresanbe modelleddirectly. This
work is continuing,in particularwith astudyof
applicationgo modulesyeally exploiting mul-
tiplicative predicationand quantifiers,in the
thework of Pym'sPhDstudentPabloArmelin.

Theseresultsarebut a start. Fromthe theoretical
point of view multiplicative quantificationandtype
dependeng are delicateand raise mary problems.
A moresubstantiabndgeneraltheoryis calledfor,
andis underdevelopmen{takingcuefrom theseni-
tial results). As for applications this directionap-
pearsto be particularlyrelevantin situationswhere
substructuralfeaturesare on view in a type sys-
temor objectlogic, andfor this reasorsubstructural
framaworks are beginning to attractattentionfrom
researcheren proof-carryingcode.

2.3 Classical Logic, Proof-search and
Categorical Semantics

Pym, in joint work with Eike Ritter, haspursueda
substantiaprojectin thesemanticandprooftheory
of classicallogic. Motivatedby a desireto under
standthe operationabnddenotationakemanticof



modelsof computatiorbasedon proof-searche.g.,
logic programming.

Ourwork herefalls into threemain chunks,each
of which relies on a type-theoreticanalysisof the
key classicakonnectve,i.e. disjunction:

¢ Basicprooftheory[PW004: Herewe develop
a proof-theoreticanalysisof the embeddingpf
the intuitionistic sequentcalculuswithin the
classicalsequentcalculus. We exploit type-
theoreticmethodsto shaov how to recover in-
tuitionistic soundnes$rom classicalsearches.
We apply our analysisto uniform proofs, a
candidateheoreticalfoundationfor logic pro-
gramming;

Application to resolution[PWO00H: We apply
our methodgo obtainarationalreconstruction
of intuitionistic resolutionfrom classicalres-
olution. Again, our techniquesare primarily
type-theoretic. This work is relatedto Pym’s
work with Harlandon resource-distribtion in
linearlogic, in which linearly soundproofsare
recoveredfrom classicalsearchewia systems
of Booleanconstraintequationg1]. Both of
theseworksarecontributionsto ourgenerabp-
praochto atheoryof searcHGP0Q PymO00§;

Categorical modeltheory[PR]: We provide a
semanticanalysisof classicaldisjunction, re-
vealinghow the familar collapseof a categori-
cal semanticof classicalproofsis sensitve to
theformulationof disjunction.

Of particularsignificanceis our developmentof
a semanticof classicaldisjunctive proofs using a
catgyory of continuations

2.4 Control and continuations

Our most substantialwork on control was led pri-
marily by our RA, Hayo Thielecle, who arrivedin
July 1997, ,having completeda thesisonthecateyor-
ical structureof continuations.While highly origi-
nal, this thesisalsogave an extremely abstractpic-
ture of control. We, andhe, wereinterestedo seeif
its ideascould be leveragedo make moreconcrete
insightsaboutcontrol.

This beganwith a paperon the expressvenesof
the mostpowerful form of control, the call/cc con-
struct. Thieleclke shaved that the ability to usea
continuationmultiple times,by backtrackingled to
greatexpressve power, in termsof distinguishing
ability. This work cameaboutasa resultof anex-
ploration of technicalpropertiesof the categorical

models specificallypropertief thecente of apre-
monoidalcategory. But theresultscouldbephrased
justin termsof programsandoperationabemantics.

Thielecle’s studyof therelationshipbetweerthe
centreand notions of “effect free” morphismhas
played a leading role in other work. One pa-
per [PT99, by him and JohnPower, givesa cat-
egorical accountof higherorder structurein call
by value, building on the Powver-Robinsonnotion
of premonoidalcategory. Otherwork, by Carsten
Fuhrmannat Edinburgh, investigatessome of the
propertiesidentified by Thielecle for effects other
thancontinuations.

Thielecle’s next stepwasto begin ananalysisof
the behavioural, jumping propertiesof exceptions.
exceptions. This wasdonefirst by comparingtheir
expressvenessto that of call/cc. In a paperwith
JonRiecke from Bell Labs, Thielecle shaved that
pure exceptionsandcall/cc (i.e., without state)are
incomparblein expressve power: eachcanbreak
programequialenceghat the other cannot. This
drivesavery clearwedgebetweerthesetwo promi-
nentformsof control,onethatis fundamentain that
it involvesprogramequialenceonly, anddoesnot
rely on implementatiorstrateyies (stacksv heaps),
importantthoughtheseare.

In a further paperthe impactof stateon the ex-
pressve power of continuationsand exceptionsis
analyzedThi0Q], anda final papermakesa furher
comparisorby exploring their typing popertiesand
makingconnectiongo logic [Thi].

All told, Thielecke’s work is remarkableor two
reasons First, it links very abstractcateyorical no-
tionsto concreteprogramminganguagequestions,
guestionghat canbe posedwithout mentioningthe
abstractechniquesisedto helpresohe them. Sec-
ond, he hasprovided the first fundamentabktudy of
behaioural propertiesof exceptions. In ways, the
exceptionwork is modesttheoretically but that is
partof the point giventhe dearthof work giving for-
mal anayse®f exceptions.Thisbeginsto correctan
imbalancen the theoryof control. While call/ccis
extremelypowerful only onelanguageSchemehas
it aspartof its standard.But while therehave been
dozensof paperson continuationsthere hasonly
beena handfulof papersanalyzingthe muchmore
widely usedexceptions.

25 Abstract structures, logical rela-
tions and realizability

Ourwork on Bl helpsaddressotionsof sharedand
privatestate. However we have alsomadeprogress



on reasoningaboutabstractiorproperties.The ma-
jor work herewasdoneby Robinsonin collabora-
tion with JohnPower [PR00a,PRO0R, but build-
ing on earlierpiecesof work by Robinsoraloneand
O’Hearn. The achievementherewasto make pre-
ciseastandardotionof (obsenational)equivalence
for abstractstructures,and to prove that a certain
generalisedorm of logical relationwas soundand
completefor proving equivalence. In orderto al-
low for highertypesonehasto getbeyondthe sim-
plestset-basedemanticsand this makesthe sim-
ple form of logical relationsinappropriate. What
Robinsondid wastake aform of relationintroduced
by JungandTiuryn to studydefinability, andcalled
by them“Kripk e logical relationsof varyingarity”,
shav how thesecould be regardedas unary rela-
tions,andthenadapta binaryvariantto prove com-
pletenessin [PRO04 the original presentatiorand
proofis cleanedip considerablyandin [PROOH the
resultis extendedrrom cartesiarclosedto monoidal
closedcatayories, thus extendingthe classof lan-
guagego whichit applies.

Two piecesof further work presentthemseles.
The first is to attempt to extend the result to
closedpremonoidalcateyories, increasingthe lan-
guageclassto includemary moreforms of control.
The seconds to relatethis work to alternatve ap-
proachesvhich usea relaxationof the logical rela-
tionscondition. Somematerialon this hadto be cut
from theacceptedrersionof [PR0O0N for reason®f
space. However Power and Robinsonhave estab-
lisheda link in which the relaxed versionis a kind
of globalsectionof theirs.

The secondhreadwasagainin conjunctionwith
Paver [PR99. This work is a generalisationof
Moggi’s notion of computationaimonadsto allow
datato be keptin the context. The point of this
can be seenby consideringthe notion of state. In
Moggi's original treatmenthe Statemonadis

X =[S —[SxX]

sothata term of type B with a variablefrom A is
representetdy amorphism

A—[S =[S xX]]
A morenaturalandequivalentrepresentatiors
SxA— SxB

which would allow a moreoptimal treatmenbf the
state, and this is what is allowed by Power and
Robinsons generalisation.Specifically this builds
on previouswork by Pover andRosolini,establish-
ing onepossiblegeneralisationRobinsonobsened

that this could be made symmetricbetweeninput

andoutput,allowing bothamorenaturalmathemati-
cal structure andpotentiallyawider rangeof exam-

ples. The work providesa mathematicatreatment
up to the point whereit would be relatively sim-

ple to write a Haslell library implementingdyads,
converting computationamonadsto dyads,andal-

lowing compositionof dyads. This is essentially
the functionality of the standardibrary for compu-
tationalmonads.

A particularly tantalyzingaccountof abstraction
is providedby realizabilitysemanticsThis provides
away of tying an extensionalstructureto aninten-
sional one, so that one getsstructureswith exten-
sionalbehaviour, butin which every operationis de-
notableby aterm. Thisintuition is mademuchmore
preciseandgenerathanpreviouslyin somework in
progres§MRR]. Thiswork s still unfinishedputis
concernedvith the catayorical constructiorof real-
izability models,anda a draft papercontainingpre-
ciseresultsshouldbe readyfor submissionwithin
thenext month.

3 Research Impact

Most of the work presentedherehashadsomeim-

pactinsidethe SemanticandTheoreticalComputer
Sciencecommunities.However, someof it is start-
ing to have animpactoutsideof thesecommunities.

Ourwork on Bl is still very new, andchallenges
somelong-heldassumptionsSomeleadingfigures,
suchas Girard, have beenvery supportve, while
othershave yet to seeits advantages.Bl hasbeen
usedin recentadvanceson programlogic for point-
ers,alongstandingpenproblem[3]. Thebasicidea
isto useBl’sresourcesemantic$o makelocal state-
mentsaboutareasof memory We have submitteda
grantproposalbasedon theseideas,but they have
alsobeentaken up elsavherein the community for
exampleby JohnReynoldsat Carngyie-Mellon[10],
andby Uday Reddys groupin Birmingham[11].

Thielecle resultshave beenrecognisedvell out-
sidethe cornventionalsemanticcommunity partic-
ularly by the compiler designresearchgroups at
Carngyie-Mellon and Cornell. This is particularly
becaus®f his useof concretaunnablesxampleso
illustratehis semantidistinctions.

Our work on classicallogic has solved long-
standingproblemsin the theoryof proof-searchas
well asin the semantic®f classicalproofs,andhas
generategroblemscontributingto two new MATH-
FIT grantproposals.



4 Training and Personal Out-
comes

We employed two RA's on the grant. During the
period he worked for us Hayo Thielecke cemented
his positionasthe UK’s leadingexpert on contin-
uations,and extendedhis reputationinternationally
asone of the leadersin an admittedly rather spe-
cialised,but still significant,field. His intentionon
joining ushadbeento find apermanenpositionin a
strongresearclgroup,andwhile with ushewasof-
feredandaccepted permanentectureshipat Birm-
ingham,whereheis now.

ThesecondrRA, CristianoCalcagnds aresearch
studentwhosesupervisioris beingsharedy Moggi
at Genwa and O’Hearnat QueenMary. Calcagno
hasstartedo publish,andhasa single-authopaper
acceptedat the prestigiousPrinciplesof Program-
ming LanguagexonferencgPOPLO1). This is a
significantachiezementfor a student. Calcagnas
work is part of a streamwhich hasled to a new
researchgrant applicationby O’Hearn and Pym,
bringingin Bornat.

We alsousedthegrantto give sometravel support
to an EPSRCstudentPaul Levy, seepublications
[Lev99. Levy is now in Boston,having beenhead-
huntedasan RA by Harry Mairson. Saminishtiaq
and Pablo Armelin, both EPSRC-fundedstudents,
have beencloselyinvolvedwith the project. Ishtiaq
has nowgraduatedand hastaken up a postin for-
mal methodswith the Cambridge-basechip-design
compary, ARM. Armelin’s thesisis now nearing
completion.

Theinvestigatorhave alsoadvancedheircareers
thanksin partto this grant. Both O’'HearnandPym
have beenpromotedto full professorwith the re-
searchconductecdbn the grantputting the final seall
ontheir cases.

Finally, departmentallythis granthasbeensig-
nificant. It has beena major sourceof funding
— leadingto several currentgrantapplicationsby
O’Hearnand Pym, by Hyland, Pym andRobinson,
and by Pym and Ritter — during the development
of the Logic and Foundationsof Programmingre-
searchgroup.

5 Explanation of Expenditure

Staff: The major part of our expenditurewas on
our designatedRA, Hayo Thielecle. Hayo left a
little early, in orderto fit in a lengthyvisit to Ten-
nentin Canadaeforetakingup his postat Birming-
ham(this visit wasfundedby Tennent).This left us

with asmallamountsparewhichenablediusto fund
Calcagndfor a period. Calcagnas funding should
be viewed moreastrainingthanadwancedesearch,
andalthoughhistime ontheprojectdid notresultin
ary directpublications thetraining he hasreceved
hasenabledhim to producework of the kind men-
tionedabove.

Travel: The next largestitem is travel. We have
travelled extensvely during the period, and pre-
senteda good deal of work at conferencesas can
be seerfrom the attachedrojectbibliography Pre-
sentatiorof mostof the conferencgapersherewas
supportedut of this grant.

Equipment: Thereweretwo majorareasof equip-
ment expenditure. The first was the purchaseof
a numberof personalcomputersat the start of the
grant. This helpedsignificantlyto kit out the bur-
geoningresearchgroup. Oneof themis beingused
to preparethis report. The other areawas con-
tributions to the departmens normal rolling pro-
gramof equipmentreplacement.Notableexpendi-
ture hereincludedan early contribution to a work-
group printer, anda late contribution whenthe de-
partmentreplacedts file sener.

Consumables. A largeitemis afixedchagelevied
by the departmentovering stationery printing and
photocopying costs, postage,phonebills and the
like. The remainderis the usual small piecesof
equipmen@ndsoftware.

6 Further Research

We have mentionedearlierthe continuingnatureof

much of this work. In particular we shouldsingle
out againthe continuingwork on pointerlogic and
BI, for which we have submitteda new proposalto

EPSRC.The presentwork haslaid the foundations
for an approacho proof-searchfor which support
is againbeingsought.

7 Web site and documentation

Thisreport,togethemwith links to participantgpages
andpapersat

http://ww. dcs. gmw. ac. uk/

~ednundr/ L56439/

The bibliographyfor this reportis split into two
sections.Thelist of supportegublicationscontains
thoseworks which have beenat leastpartially sup-
portedby this grant.
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